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Abstract
We investigate more generally the possible unification Yang-Mills
groups GYM and representations with CP as a gauge symmetry. Be-
sides the possible Yang-Mills groups E8, E7, SO(2n + 1), SO(4n),
SP (2n), G2 or F4 (or a product of them) which only allow self-
contragredient representations, we present other unification groups
GYM and representations which may allow CP as a gauge symmetry.
These include especially SU(N) containing Weyl fermions and their
CP-conjugates from low-energy spectra in a basic irreducible repre-
sentation (IR). Such an example is the 496-dimensional basic IR (on
antisymmetric tensors of rank two) of SU(32) containing SO(32) as a
subgroup in the adjoint IR, or SU(248) in a fundamental IR contain-
ing E8 as a subgroup in the adjoint IR. Our consideration also leads
to the construction of a physical operator (CP) intrincially as an in-
ner automorphism of order higher than two for the unification group.
We have also generalized the possible groups as unification GYM to
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include non-semisimple Lie groups with CP arising as a gauge sym-
metry. In this case with U(1) ideals in the GYM , we found that the
UY (1) for weak hypercharge in the standard model or a U(1) gauge
symmetry at low energies in general is traceless. Possible relevance to
superstring theory is also briefly discussed. We expect that our results
may open new alternatives for unified model building, especially with
deeper or more generalized understanding of anomaly-free theories.
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1 Introduction
It is known that there is a CP asymmetry in particle physics as observed in
K0 − K¯0 system [1]. The CP asymmetry has been widely studied related to
CKM matrix of quark mixing in the standard model, superweak interaction
models, etc. Although the full determination of the underlying mechanism for
CP asymmetry is still under investigation, it is nevertheless an experimental
fact that CP violation exists in nature.
In the standard model, an effective θ¯ term can be added to the QCD
lagrangian due to instanton tunneling, where
θ¯ = θQCD + arg{det mq} (1)
with mq being the quark mass matrix. The experimental upper bound on
the neutron-electric dipole moment (EDMN) limit the strong CP violating
parameter θ¯ to be only θ¯ ≤ 2 × 10−10(mod 2pi) [1]. However, the (almost)
vanishing of strong CP asymmetry is unnatural if we believe in ’t Hooft‘s
naturalness condition [2] that a parameter is only allowed to be very small if
setting it to zero increases the symmetry. Since we know that CP is broken
in nature, by setting θ¯ to zero the symmetry does not increase. This is the
strong CP problem in particle physics.
There are several possible solutions to the strong CP problem as proposed.
A well-known solution [3] is to introduce an anomalous global U(1)PQ (Pec-
cei and Quinn) symmetry in addition to the standard model. The U(1)PQ
symmetry is realized nonlinearly at low energies, leading to a light pseudo-
Goldstone boson, the axion [4] whose coupling may be adjusted [5] to be
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consistent with the observation.
The second possible solution is that the up quark (a light quark) is mass-
less. There is an anomalous chiral U(1) global symmetry at the QCD scale,
rendering the θ¯ unphysical, in order to eliminate the up quark’s Yukawa
coupling to the Higgs boson.
There is also a proposed non-perturbative solution with colored magnetic
monopoles as given by the present author [6]. The non-perturbative solution
in ref.6 is associated with the generalization of the gauge orbit space in ordi-
nary gauge theories on the compactified space to that (generalized gauge orbit
space) on the space with a topologically non-contractile spherical boundary
in the presence of magnetic monopoles. Especially, a gauge orbit subspace
(restricted gauge orbit space) with gauge potentials and well-defined globally
continuous gauge transformations restricted on the space boundary is intro-
duced and investigated. With this generalization, the θ¯ may be quantized
nonperturbatively to be vanishing or in a form of θ¯ = 2pi/n with n being the
topological charges [6] of the monopole, so that the θ¯ can take the special
values such as ±2pi, or naturally very small values such as ≤ 10−10 due to the
topological charges of the colored monopoles in the universe. Our quantiza-
tion in ref.6 can be derived from two different approaches. One is due to the
quantization of flux (proportional to the vacuum angle θ¯) in the (restricted)
gauge orbit space to have a well-defined wave functional in the entire space
including the space boundary. The other approach is due to the global con-
straints of Gauss’law in the generalized gauge orbit space associated with
the non-abelian electric charges proportional to θ¯ in the presence of colored
monopoles. A consequence of the non-perturbative solution to the strong
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CP problem in ref.6 is that the (almost) vanishing of CP violation in the
strong interaction may imply the open universe. Moreover, it is also noted
that [6] in the presence (colored) monopoles, the corresponding QCD may
need to be generalized to that with a non-associative algebra if one needs
to formulate the theory exactly due to the violation of the ordinary Bianchi
identity, although perturbatively the algebraic structure for the theory may
be regarded as associative at least to a good approximation (The violation
for the associativity could be exponentially small as the distance from the
monopoles increases.).
There are also other arguments for the absence of strong CP asymmetry
[7] (see also [8]). However, these in ref.7 may not be consistent with the
U(1)A problem as stressed in ref.9.
There is also a possible solution associated with grand unification theory,
in which one imposes an exact discrete CP symmetry which is spontaneously
broken. The parameter θ¯ is then finite and calculable, and in a class of
models can be as small as needed for consistency with the experimental limit
[10]. This is a solution which may allow the CP being viewed as arising from
a discrete gauge symmetry, as initially discussed in ref.9.
Note that as emphasized in ref.9, neither the axion nor the massless up
quark solution is natural in the ’t Hooft sense, since the global U(1) symmetry
in either case is only approximate (anomalous), and the θ¯ may be too large
in the Peccei-Quinn case by U(1) violating instanton effects [11]. Further-
more, these two solutions with an anomalous global U(1) symmetry certainly
cannot be protected by a gauge symmetry simply because the global U(1)
symmetry is anomalous. These two solutions therefore may be spoiled by
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the operators arising from the Planck mass physics [9]. However, the sponta-
neously broken CP (or P) models may be viable when the quantum gravity
effects are considered since no additional global symmetry is imposed.
As it has been argued, the quantum gravity effects from wormhole [12],
virtual black hole [13] or nonperturbative effects in string theory [14], may
lead to violation of global symmetries in the effective theory below the Planck
scale [15]. However, both continuous gauge symmetries and unbroken dis-
crete subgroups of gauge symmetries (or discrete gauge symmetries) are re-
garded as preserved by Planck-scale physics, since they are violated neither
by wormholes nor blackholes [16,17]. An interesting aspect of the discrete
gauge symmetries is that a black hole can carry discrete hairs [16]. With
this consideration of quantum gravity effects and the spontaneously broken
CP symmetry models, Choi, Kaplan and Nelson et al in ref.9 have proposed
that four-dimensional CP may arise as a discrete gauge symmetry in the-
ories with dimensional compactification from Minkowski dimensions 8k+1,
8k+2 or 8k+3. The CP remains an exact discrete gauge symmetry below
the compactification scale and is spontaneously broken at much lower scale
(below 109 Gev), with a θ¯ smaller than 10−10 as suppressed by inverse power
of the Planck mass mP , as consistent with the observed CP violation in the
K0 − K¯0 system and the experimental limit on EDMN. The consideration
initiated in ref.9 provides a connection between the Yang-Mills group GYM
at the Planck scale (As in ref.9, the compactification may be taken near to
the Planck mass, we will simply refer them as Planck scale or GYM scale in
our discussions for convenience) as well as the strong CP problem.
Write the continuous local symmetry G of a higher dimensional theory as
4
G = GL×Gg ×GYM , where GL = spin(d− 1, 1), the d-dimensional Lorentz
group, Gg are d-dimensional general coordinate transformations with positive
jacobian and GYM is the internal (unification) Yang-Mills group. In ref.9,
the four-dimensional CP transformation is given by the product
CP = XLXgXYM , (2)
withXL, Xg, andXYM inGL, Gg andGYM respectively. The XYM is an inner
automorphism of the internal Yang-Mills groupGYM . TheXL as a matrix is a
direct sum of four-dimensional Minkowski metric and a (d-4)-dimensional real
matrix satisfying KLK
T
L = 1 and det(KL) = −1. The Xg must be chosen to
include a compactified coordinate transformation θi → −θi, where the vector
fields ∂/∂θi generate the Cartan subalgebra of the continuous isometry group
of the compactified dimensions, so that it reverses the orientations of both
four-dimensional Minkowski space and the compactified manifold. Then [9],
the transformation CP = XLXgXYM exchanges all gauge charges of four-
dimensional fields with gauge charges of their antiparticles, including gauge
interactions arising from the isometries of the compactified space. This class
of models with CP as a gauge symmetry includes the case of ten-dimensional
popular superstring theories with gauge group SO(32) or E8 × E8, where
four-dimensional CP can arise as a discrete local symmetry.
As pointed out in ref.9, in order for the CP transformation to be an
element of the local symmetry G = GL × Gg × GYM of the underlying d-
dimensional (d > 4) theory, we need that a four dimensional low energy
fermion be contained in the same irreducible representation of the local sym-
metry group as their complex conjugates. Since the CP operation transforms
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a Weyl fermion to its complex conjugate which is in a different irreducible
representation of the Lorentz group in four dimensions, to realize the CP
as a local symmetry, the underlying theory must be in certain higher space-
time dimensions [9]. With the inner automorphism XL and the Xg chosen
as described above, we would like to emphasize that we only need to ensure
that XYM is an inner automorphism of the GYM reversing the sign for the
gauge charges of all the four-dimensional low-energy fields contained in an
irreducible representation of GYM , since this is the condition for the CP op-
erator to play the role of four-dimensional CP transformation in low energies
[9], and since the CP operator is an element of the full local symmetry group it
is a local (gauge) symmetry in the underlying d-dimensional theory. In ref.9,
the unification (internal) Yang-Mills group GYM is only limited to the follow-
ing groups and their products: E8, E7, G2, F4, SO(2n + 1), SO(4n), SP (2n).
These are the groups which have no complex representations. More explicitly,
every representation of a group listed above is equivalent to its contragredient
representation by an inner automorphism, namely it is self-contragredient. It
is the purpose of the present paper to generalize the unification Yang-Mills
groups and representations beyond the groups listed above with CP as a
gauge symmetry. Since the possibilities for the unification Yang-Mills groups
and representations are interesting in particle physics, we expect that our
consideration and generalization are significant and may be of importance
for the unified model building.
We will organize our following sections thus: In section 2, we will present
the groups SU(N), SO(4n+2) and E6 as the unification Yang-Mills groups
GYM and their self-contragredient irreducible representations. Then in sec-
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tion 3, we will describe how the SU(N) and SO(4n + 2) groups in some
of their complex representations may be constructed as the the unification
Yang-Mills group with CP as a gauge symmetry. The construction of the
corresponding inner automorphism XYM will also be described. We note
that our purpose is to present how the above idea can be realized. Chiral
gauge anomalies may be canceled by adding other fermion IR’s etc. at the
relevant heavy scale. we will not generally address anomalies in detail in
the present paper although we will give a brief relevant discussion about
anomalies in section 4 in which the possibilities with non-semisimple groups
as GYM are also considered. We like to refer to the fact that many authors
have searched and investigated local anomaly-free (both in gravitation and
Yang-Mills sectors) theories with more relaxed conditions following or gen-
eralizing the Green-Schwarz mechanism (see ref.14 for a review) and found
many possibilities [18-19]. It is assumed that our constructions for the GYM
may possibly correspond to anomaly-free theories in some mechanisms of
anomaly cancellation, which may be with more relaxed conditions such as
in refs.[14,18-19] or with the further understanding of anomalies in future
theories. We expect that at, least some of our constructions for the GYM
may correspond to anomaly-free theories and may possibly be useful for the
unified model building. Our conclusions will be summarized in section 5.
An appendix for the Branching rules of the basic IR’s of SU(N) to SO(N),
etc. needed will also be given. Before go into the next section, we note that
we may refer the Weyl fermions at low energies, Majorana-Weyl fermions in
8k+2 dimensions, and Majorana fermions in 8k+1, 8k+3 dimensions with a
suitable [9] XL for CP to be a gauge symmetry all simply as fermions in our
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discussions for convenience, the implied meaning should be clear correspond-
ingly.
2 SU(N), SO(4n+2) and E6 or Their Products
as Unification Yang-Mills Groups in Self-
contragredient Representations
Let us denote by G a semisimple Lie group with g as a generic element
of G, and G its corresponding Lie algebra with x as a generic element of
G. Let ω(G) be a linear representation of G (i.e, a homomorphism of G
into the group of non-degenerate linear transformations of the space Rdim(ω),
its corresponding linear representation ω(G) is a homomorphism of G into
the Lie algebra of all linear transformations of the space Rdim(ω), and the
ω¯(g) = [ω(g)T ]−1, g ∈ G is the contragredient representation. Here, T is the
transpose (in a chosen basis). Then the representations of the corresponding
Lie algebra G are then related as given by
ω¯(x) = −[ω(x)]T , x ∈ G. (3)
Self-contragredient representations have been studied in refs.20-24. We will
use mostly the ref.23 by Dynkin as well as refs.20 and 22.
A representation ω is called self-contragredient if there exists an inner
automorphism, namely a conjugation by an element S ∈ ω(G), such that
ω¯(g) = S−1ω(g)S. In terms of the Lie algebra elements x in the ω as hermi-
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tian matrices, this can also be written as
ω(x) = −S−1[ω(x)]TS . (4)
Let H be a given Cartan subalgebra of G, then all the ω(h), (h ∈ H) are
diagonal matrices with respect to a canonical basis of ω (having a non-zero
vector from each weight subspace with the higher weight vector numbered
first). Let Π = {αi | i = 1, 2, ..., n = rank(G)} be the simple root system of
G corresponding to the Cartan subalgebra H, and eα be the root vector in the
G corresponding to a simple root α ∈ Π. An automorphism of a Lie algebra
is an automorphism of the vector space of the algebra preserving the Lie
algebraic commutators. A mapping of the simple root system Π with αi → αi′
onto itself preserving the Cartan matrix Aij = 2 < αi, αj > / < αi, αi >, is
an automorphism of G defined by
f(αi) = αi′, f(eαi) = eαi′ . (5)
For example, to every isometric mapping αi → αi′ for the simple root system
Π, the f defined by the above equation is an automorphism of the G. Obvi-
ously, it is also an automorphism of the Dynkin diagram of G. It is known
that (see theorem 0.2 in ref.23), each automorphism u of G can be uniquely
written as the combination of an automorphism f as defined in the above
equation corresponding to an isometric mapping of the simple root system
(or f = automorphism of the Dynkin diagram) and an inner automorphism
u0, i.e.
u = u0f . (6)
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Therefore, an automorphism is inner if the corresponding f acts as the identity
on the Dynkin diagram.
Now for an irreducible representation, we have
ω¯(h) = −ω(h), h ∈ H (7)
for the diagonal matrices ω(h). Hence it is clear that the weight systems ∆
of ω and ω¯ are linked by the relation
∆ω¯ = −∆ω . (8)
Since what we are looking for in our consideration of CP as a gauge symmetry
is the G and ω for which there exists an inner automorphism to transform
the IR ω into its contragredient IR ω¯, the above equation shows clearly that
this is equivalent to having an inner automorphism to reverse the signs of
all the weights (Yang-Mills charges). Thus for a self-contragredient IR ω, if
λ ∈ ∆ω is a weight, then so is −λ. The corresponding group G in the IR ω
is then a possibility for the unification Yang-Mills group GYM with CP as a
gauge symmetry.
Since it is known that [20] an IR ω is self-contragredient if and only if the
highest and lowest weights Λ and Λl in its weight system ∆ω differ only by
a sign, i.e. Λl = −Λ, or an element of the Weyl group will transform the Λ
to −Λ. The general algorithm [23] for deriving the ∆ω shows that for all the
IR’s of SO(4n), we have Λl = −Λ. Therefore, all the IR’s of SO(4n) are self-
contragredient. To consider the other groups, let us consider the operation
θ defined by
θe±αi = e∓αi , αi ∈ Π . (9)
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From the commutation relation written as [eα, e−α] =< eα, e−α > α, it follows
that
θαi = −αi, αi ∈ Π . (10)
Then, the θ obviously preserves the Cartan matrix and is an automorphism
which transforms an IR ω into its contragredient ω¯, i.e.
ω¯(G) = ω(θG) . (11)
Thus, we have θ = u0fθ with fθ being the corresponding automorphism of the
Dynkin diagram. Since the inner automorphism u0 by definition corresponds
to an equivalence relation between the representations ω(G) and ω(u0G), we
have the equivalence relation
ω¯(G) ≃ ω(fθG) . (12)
Therefore, the IR ω(G) is self-contragredient if and only if the θ is an inner
automorphism, or equivalently if and only if the fθ is an identity automor-
phism of the Dynkin diagram.
According to Dynkin (see theorem 0.16 in ref.23), in order that θ be
an inner automorphism of a semisimple Lie algebra G it is necessary and
sufficient that it be an inner automorphism of every simple ideal of G, we
only need to consider the simple Lie algebras. From the Dynkin diagrams
of simple Lie algebras, one can easily see that [23] the Dynkin diagrams
of E8, E7, G2, F4, SO(2n + 1), and SP (2n) (SP (2) ≃ SU(2)) can only have
identity automorphism, this implies in particular that the fθ must be identity,
or equivalently the θ must be an inner automorphism. The IR’s for these
groups and their products are all self-contragredient. For SO(4n), as we have
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indicated, all the IR’s are also self-contragredient, the θ in fact must be also
an inner automorphism (see theorem 0.16 in ref.23). Therefore, we have seen
that the IR’s of
E8, E7, G2, F4, SO(2n+ 1), SO(4n), and SP (2n) (13)
(or a product of them) are all self-contragredient. These groups containing at
least a family of low energy fermions (may include a right-handed neutrino)
as well as their antiparticles in a IR, may be a possibility of the unification
Yang-Mills group. The three (or more) families may be in the direct sum of
the three (or more) IR’s, or in one large enough IR as in superstring theory
[14] with the Yang-Mills group E8 × E8. These are the groups mentioned
in the ref.9 initially for the consideration of the CP as a gauge symmetry.
Obviously, the group element S for the inner automorphism θ corresponds
to the XYM in the CP transformation CP = XLXgXYM described earlier.
We note that for those groups, the inner automorphism θ by definition is
automatically of order two, i.e, the θ2 is an identity transformation.
In the present paper, we are especially interested in the groups beyond
those listed above. From the Dynkin diagrams of SU(n+1) (n ≥ 2), SO(4n+
2) (n ≥ 2), E6, (SU(4) ≃ SO(6)), one can easily see that they all can have
an automorphism which may be generally non-trivial and then must be nec-
essarily the fθ. We can then write for SU(n + 1) (n ≥ 2),
fθ(αi) = αn+1−i (i = 1, 2, .., n) , (14)
for SO(4n+ 2) (n ≥ 2),
fθ(αi) = αi, i ≤ 2n− 1 , (15)
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fθ(α2n) = α2n+1, fθ(α2n+1) = α2n , (16)
and for E6,
fθ(αi) = α6−i, (i ≤ 5), fθ(α6) = α6 . (17)
Thus, the fθ in the above equations acts as a permutation of the root system
leaving the Dynkin diagram invariant. We assume the Dynkin diagrams and
simple roots are in the usual convention [25], for example, the simple roots
1-5 correspond to the dots on the same line for E6. For SO(4n + 2), the
simple roots 1-(2n-1) correspond to the dots on the same line and the simple
roots (2n) and (2n+1) are only connected to the root (2n-1). For all the
Dynkin diagrams for the simple Lie algebras, see table 5 in ref.25. Since the
highest weight Λ determines an IR ω, a general theorem then follows.
Theorem 1. An IR ω for a simple Lie algebra is self-contragredient if and
only if the transformation fθ leaves the highest weight of ω invariant.
To be explicit, the highest weight Λ can be written as
Λ = m1λ1 +m2λ2 + ...+mrλr , (18)
here r = rank(G), and r = n, 2n+1, and 6 for SU(n+1), SO(4n+2), and E6
respectively, the λi are the fundamental weights given by
2 < λi, αj >
< αj, αj >
= δij (i, j = 1, 2, ..., r). (19)
As it is known that (see for example, theorem 0.9 in ref.23) the Λ is the
highest weight of an IR ω of an G it is necessary and sufficient that the
numbers mi which can be written as
mi =
2 < Λ, αi >
< αi, αi >
(i = 1, 2, ..., r), (20)
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are all non-negative integers. Since the fundamental weights for a simple Lie
algebra form a (linearly independent) basis in the vector space for the root
system, the theorem 1 above can be also stated as
Theorem 2. An IR ω of the highest weight Λ = Σ miλi for a simple Lie
algebra is self-contragredient if and only if the transformation fθ on the simple
root system leaves all the non-negative integers mi invariant.
Using this theorem for the self-contragredient condition
fθ(mi) = mi =
2 < Λ, αi′ >
< αi′, αi′ >
, (21)
αi′ = fθ(αi), (i = 1, 2, ..., r). (22)
and the transformation fθ in eqs.(12-15) for the SU(n+1), SO(4n+2), and
E6, the self-contragredient IR’s for these groups can then be easily listed as
follows by the relations for the mi for the highest weight Λ:
SU(n+ 1):
IR’s of Λ = Σ miλi such that
mi = mn+1−i (i = 1, 2, ..., n). (23)
SO(4n+ 2):
IR’s of Λ = Σ miλi such that
m2n = m2n+1 . (24)
E6:
IR’s of Λ = Σ miλi such that
m1 = m5, m2 = m4 . (25)
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We note in particular that the IR’s of the highest weight Λ = λ1+λn for SU(n+
1), Λ = λ2 for SO(4n + 2), and Λ = λ6 for E6 of dimensions d =
n(n+2), (2n+1)(4n+1), and 78 respectively are the adjoint representations
which are all real. Therefore, the SU(n + 1), SO(4n + 2), E6 (or a product
of them) in the self-contragredient IR’s listed above may possibly be the
unification Yang-Mills group with CP as a gauge symmetry. For those self-
contragredient IR’s, the fθ leaves the highest weight invariant and reduces
the automorphism θ to an inner automorphism [23,21]. The corresponding
group element S for the inner automorphism θ then corresponds to the XYM
in the CP operation as a local symmetry. The automorphism θ by definition
is of order two, the same as that for the groups E8, E7, G2, F4, SO(2n + 1),
and SP (2n) (or a product of them). We note also that the inner automor-
phism S in eq.(4) by definition must be either symmetric or antisymmetric
as one can see easily.
In summary of this section, the unification Yang-Mills group GYM with
CP as a gauge symmetry may be in general a semisimple group, i.e. a simple
group (E8, E7, G2, F4, SO(2n + 1), SP (2n), SU(n + 1), SO(4n+ 2), E6) or a
product of them with the groups SU(n + 1), SO(4n + 2), and E6 in a self-
contragredient representation as satisfying the conditions in eq.(23-25). This
has then generalized the possibilities in ref.9 for the GYM as a semisimple
group with each simple ideal restricted to that listed in eq.(13).
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3 SU(N) and SO(4n+2) in Complex Repre-
sentations as the Unification Yang-Mills Groups
So far we have only considered the self-contragredient representations for a
semisimple Lie group. As clarified in the section 1, to have CP as a local
symmetry, a low energy Weyl fermion and its complex conjugate need to
be contained in the same IR of the unification Yang-Mills group GYM [9].
The easiest way is by simply putting all the low energy fermions and their
complex conjugates in an IR of the GYM as listed in eq.(13) or a product
of them, this is the possibility for the GYM discussed in ref.9. The simple
ideals for GYM has been generalized in the section 2 to include also SU(n+
1), SO(4n+2), and E6 in their self-contragredient representations. One then
may wonder if we can choose GYM in a complex representation with CP as a
gauge symmetry. For simple Lie groups, only SU(n+1), SO(4n+2), and E6
can have complex representations as we have seen. In this section, we will
show explicitly that we may choose SU(n+1) as GYM in some complex IR’s
with CP as a gauge symmetry.
Our idea to show the possibility of a complex representation for the GYM
with CP as a gauge symmetry is due to the following observation: Since the
CP transforms a Weyl fermion to its antiparticle at low energies, then to
realize the CP as a gauge symmetry at the Planck scale and spontaneously
broken at much lower energy, an arbitrary Weyl fermion and its antifermion
in the low energy particle spectra as a fermion pair need to be embedded into
the same IR ω(GYM) of the unification Yang-Mills group GYM with an inner
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automorphism S = XYM which exchanges the two Weyl fermions in the pair.
Since the XYM for the inner automorphism is an element of the Yang-Mills
group GYM , it is of course a gauge symmetry, and then the CP = XLXgXYM
as clarified in the section 1 is a local symmetry. Now if the IR ω is complex,
then the inner automorphism with the group element S cannot reverse the
sign of the Yang-Mills charges for all the fermions in the IR ω, but it must
exchange each fermion pair which correspond to a fermion-antifermion pair
at the low energy spectra. Obviously, two types of possibilities may follow:
(1). The fermion pairs in the ω with low-energy correspondence to (Weyl)
fermion-antifermion pairs do not have to be fermion-antifermion pairs at the
Planck scale. In this case, the inner automorphism XYM can only reverse the
signs for some of the Yang-Mills charges (including all those corresponding
to low energy gauge symmetries) for the Weyl fermions in the fermion pairs,
the other Yang-Mills charges (corresponding to the Yang-Mills symmetries
broken above low energy) may then be either invariant or transformed more
non-trivially than a sign-reversing.
(2). The fermion pairs in the ω with low-energy correspondence to (Weyl)
fermion-antifermion pairs are also fermion-antifermion pairs at the Planck
scale. The inner automorphism XYM may reverse the signs of all the Yang-
Mills charges for the Weyl fermions in such pairs, but not for all the additional
fermions needed to form the IR ω.
The central idea above then may be summarized as the follows: To have
the four-dimensional CP arise as a gauge symmetry, we only need to ensure
that the a local symmetry CP = XLXgXYM at the Planck scale induce
CP transformations in four-dimensions to exchange Weyl fermion and its
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antifermion at low energies. However, at the Planck scale, such fermion
pairs corresponding to fermion-antifermion pairs at low energies need to be
exchanged within each pair by the local CP, the fermions in each pair do not
need to be a fermion-antifermion pair or there are additional fermions whose
Yang Mills charges do not all change their signs under the local CP. Note
that in the (1), there are in general additional fermions at the Planck Scale
other than those with correspondence to fermions at low energies. Of course,
the additional fermions need to obtain their masses at higher energies, and
will then not be contained in the low energy spectra.
We will realize possibilities in (1) described above. Our method to con-
struct such a complex IR ω for theGYM is to embed a relevant self-contragredient
IR ω0 for a symplectic or orthogonal group into it. To do so, let us first recall
some more facts for self-contragredient representations needed to clarify our
construction. We will provide what we need in a theorem [20, 23] and some
remarks, for details, see the ref.[20-24].
Theorem 3.(Theorems 5,6 in [20], and [23,22]). A representation ω for a
semisimple Lie group G (algebra G) is self-contragredient if and only if there
exists an invariant bilinear form Q(ξ, η) under the group transformations
in its representation vector space V. If the representation ω is irreducible,
then the bilinear form Q(ξ, η) is either symmetric, i.e. Q(ξ, η) = Q(η, ξ), or
skew-symmetric, i.e. Q(ξ, η) = −Q(η, ξ), for any ξ, η ∈ V , the bilinear form
Q(ξ, η) is furthermore nondegenerate and unique up to a constant factor.
The symmetric (skew-symmetric) bilinear form Q(ξ, η) implies that the IR ω
is equivalent to a subgroup of proper-orthogonal (symplectic) transformations
on the vector space V.
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Remark 1. The IR ω with symmetric (skew-symmetric) invariant bilinear
form Q(ξ, η) in the representation vector space V is called an orthogonal or
real (symplectic or pseudoreal) representation, as it is equivalent to a repre-
sentation with proper-orthogonal (symplectic) matrices for the group. More
precisely, by the theorem 3, the orthogonal (symplectic) IR ω is equivalent
to a subgroup of SO(d) (SP (d)) in the fundamental vector representation,
where d = d(ω) denotes the dimension of ω and it must be even in the
symplectic case.
Remark 2. It is known also that the automorphism matrix S in eq.(4)
for an IR ω with a symmetric (skew-symmetric) invariant bilinear form is
symmetric (skew-symmetric), and unique up to a constant. The S as a matrix
in the ω(G) must then be proper-orthogonal (symplectic) when the ω(G)
elements are all in terms of proper-orthogonal (symplectic) matrices. In
particular, the symmetric matrix S which is also orthogonal must then be
the unit matrix. In this case, the S represents an identity automorphism
as in eq.(4), and all the matrices for the group elements are real. In the
case of skew-symmetric S for the IR ω, a symplectic and skew-symmetric
matrix cannot be equivalent to the unix matrix and the inner automorphism
must be non-trivial, i.e. the matrices for the group elements cannot be all
real although the ω and its contragredient IR are equivalent. This clarifies
the self-contragredient IR in the meaning of ”real” and ”pseudoreal”. We
will now give our discussions about the SU(N) or SO(4n + 2) in complex
representations as GYM respectively.
I. GYM = SU(N)
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In section 2, we know that semisimple Lie groups in their self-contragredient
IR’s could be the GYM with CP as a gauge symmetry. Then, let us pick up
such a group now denoted as G0 in a self-contragredient IR ω0. Write the
eq.(4) now as
ω0(x) = −S
−1
0 [ω0(x)]
TS0 , (26)
for an inner automorphism with S0 ∈ ω0(G0) for the ω0(G0). Then, from
the theorem 3, the G0 in the IR ω0 is either a subgroup of SO(dim(ω0)) or
SP (dim(ω0)) in the fundamental vector representation corresponding to a
symmetric or skew-symmetric S0. It is a known fact that SU(N) contains a
subgroup SO(N) and also a subgroup SP (N) for N=even. Therefore, in ei-
ther case of orthogonal or symplectic ω0(G0), we can embed the G0 in ω0 into
the group G = SU(dim(ω0))) in a fundamental representation ω1. Where we
have used the obvious branching rule that the fundamental representation ω1
of SU(N) reduces to the fundamental representation of dimension N when
the SU(N) is restricted to SO(N) or SP (N) (N = even). With such an
embedding of G0 into the G = SU(dim(ω0)), the element S0 ∈ ω0(G0) is
embedded into an element S ∈ ω1(SU(dim(ω0))) such that the S reduces to
the S0 when the G is restricted to the G0. The inner automorphism with
S0 as in eq.(26) for the ω0 exchanges the fermions with their correspond-
ing antifermions as the ω0 is self-contragredient, then the fermions in each
fermion-antifermion pair in the ω0 will be exchanged by the inner automor-
phism with the S as in eq.(4) for the ω1(G) since the inner automorphism with
S0 in the ω0 is induced by the inner automorphism with the S in the ω1 upon
the restriction of the G to the G0. We note here that we only require some of
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the fermion-antifermion pairs in the ω0 to correspond to fermion-antifermion
pairs at low energies, an example is the fermion content in superstring theory
with E8 × E8.
As one can see clearly now, we may choose the unification Yang-Mills
group with CP being a gauge symmetry as GYM = G = SU(dim(ω0))) in
the fundamental IR which is complex. Therefore, for each possibility of GYM
in the section 2, we can construct another possibility of GYM as a special
unitary group in a fundamental IR. We note that a fundamental vector rep-
resentation of SO(N) and SP (N) (N = even) are always self-contragredient
(actually orthogonal and symplectic for the SO(N) and SP (N) respectively).
In particular for SO(4n+2), the fundamental vector representation with the
highest weight Λ = λ1 satisfies the self-contragredient condition eq.(24) with
m2n = m2n+1 = 0.
Therefore, we have seen that the SU(N) in the fundamental representa-
tion can be possibilities for the unification Yang-Mills group GYM with CP
as a gauge symmetry. Some remarks are now in order.
Remark 3. When G0 in a self-contragredient ω0 is a possibility for the
GYM with CP as a gauge symmetry, then the G = SU(dim(ω0)) in the
fundamental representation ω1 as a possibility for the GYM has a larger
gauge symmetry than the G0, since the SO(dim(ω0)) or SP (dim(ω0)), for
dim(ω0) = even in the fundamental vector representation is a non-trivial
subgroup of the SU(dim(ω0)). However, since dim(ω1) = dim(ω0) by our
construction, they have the same number of Weyl fermions, and they can
have the same fermion spectrum at the low energies. There exist differences
at the Planck scale for the fermions in ω0(G0) and ω1(G). Although the
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inner automorphism with the S0 in G0 as in eq.(26) reverse the sign for all
the Yang-Mills charges of the particles in the ω0(G0), but the corresponding
particles in the ω(G) have more Yang-Mills charges, the inner automorphism
with S in the G as in eq.(4) can only reverse the sign for the Yang-Mills
charges contained in the subgroup G0 embedded into the G, but not for all
of them in the G since the fundamental representation ω1(SU(dim(ω0))) is
complex. Therefore, our construction above for the GYM = SU(N) is in the
possibilities of type (1) clarified earlier. A fermion pair corresponding to a
fermion-antifermion pair at low energies may not be a particle-antiparticle
pair in the ω1 for the GYM at the Planck scale.
Remark 4. Since the inner automorphism (denoted by XYMwith S as
eq.(4) for the GYM is more non-trivial than a sign-reversing for all the Yang-
Mills charges, it is an inner automorphism of order higher than two. There-
fore, the CP = XLXgXYM with (XYM = S) in this case is a physics operator
as an inner automorphism of order higher than two Of course, at low energies,
it still behaves as a transformation of order two.
Remark 5. For a self-contragredient IR ω0(G0) of even dimensions, the
G0 in the ω0 is then a subgroup of either SO(dim(ω0)) or SP (dim(ω0)) in the
fundamental vector IR but not both, due to the fact that a self-contragredient
IR of a semisimple Lie group must be either orthogonal or symplectic but
not both [20,23], and the fundamental vector IR’s of SO(N) and SP (N)
are orthogonal and symplectic respectively. Therefore, although both an
orthogonal ω0 and a symplectic ω0 of even dimensions can be embedded into
the GYM = SU(dim(ω0)) in a fundamental IR, only one of the ways (either
through orthogonal and symplectic group) of construction of the GYM can
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be implemented for a given self-contragredient ω0.
Remark 6. The SU(N) group has two inequivalent fundamental represen-
tations which are contragredient to each other. If a ω0(G0) can be embedded
into a fundamental IR ω1 of SU(N), then the contragredient IR of the ω0 can
be embedded into the contragredient IR of ω1 of the SU(N). Since ω0(G0)
is self-contragredient, it can be embedded into either one of the fundamen-
tal IR’s of the SU(N), the SU(N) in the two fundamental IR’s are both
possibilities for the GYM .
Remark 7. As an explicit example, the E8 in the adjoint (fundamental)
representation of dimension 248 is an orthogonal (real) representation (it is
known that the representations of E8 are all orthogonal). As in superstring
theory [14], all the low energy fermions and their antifermions may be con-
tained in this IR. If we pick up this E8 as the G0, according to the above
construction, we arrive at the unification Yang-Mills group GYM = SU(248)
in the fundamental representation. (For the embedding of E8×E8 in the IR
(248,248), one may have GYM = SU(248) × E8, SU(248) × SU(248) in the
IR (248,248), or GYM = SU(248× 248) in the fundamental IR of dimension
2482 = 61504.) Another example is G0 = SO(32) in the adjoint IR of di-
mension 496, in this case, one obtains GYM = SU(496) in its fundamental
IR.
We note that self-contragredient IR’s have interesting relevance to both
local (perturbative) and global (non-perturbative) gauge anomalies [26-34].
The fact that a self-contragredient IR for a simple group is a subgroup of
some SO(N) or some SP (N) has also been used for the study of global
gauge anomalies [32]. In the present paper, we have used such fact which
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is true generally for semisimple Lie groups [20,23]. We have also used the
embedding of the fundamental vector IR of SO(N) or SP (N), and its inner
automorphism for the self-contragrediency into the fundamental IR (com-
plex) of SU(N), and an inner automorphism. Especially, our embedding
of the inner automorphism leads to the physics operator CP as an inner
automorphism of order higher than two.
As we have seen that with a self-contragredient IR ω0 for some G0 as
a possibility for the GYM , we may construct another possibility GYM =
SU(dim(ω0)) in a fundamental IR ω1. Actually, this may be further general-
ized to the following. When an SU(N1) in a fundamental IR ω1 is a possibility
for the GYM with CP as a gauge symmetry, then SU(N), for any N > N1
in a fundamental IR ω may all be a possibility for the GYM . This may
be constructed by embedding the SU(N1) in a fundamental IR ω1 into a
fundamental IR ω of the SU(N). The embedding also leads to an inner
automorphism XYM in the SU(N) for the CP = XLXgXYM corresponding
to the GYM = SU(N). The CP in this case also arises as an inner auto-
morphism of higher than two for the local symmetry group. However, to be
convincing, we must show that the larger SU(N) may lead to the same low
energy fermions. In other words, the additional fermions need to obtain their
masses at higher energies. To see that this is implemented, let us note that
there is a branching rule that the fundamental IR ω of SU(N) reduces to the
a fundamental IR ω1 of SU(N
′), N ′ < N plus (N − N ′) singlets of SU(N ′).
This or special cases of it was also used for the other studies [27-34]. One
can see this branching rule obviously by noting that the fundamental IR of
SU(N) for any N ≥ 3 reduces to the a fundamental IR of SU(N − 1) plus
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a singlet when SU(N) is restricted to the SU(N − 1). Therefore, symme-
try breaking mechanism (such as spontaneous symmetry breaking) may be
implemented to break the gauge symmetry from the SU(N) in the ω to the
SU(N1) in the ω1 (or to the G0 in a self-contragredient ω0; SO(dim(ω0))
(for orthogonal ω) or SP (dim(ω0)) (for symplectic ω0) in the fundamental
vector IR), such a symmetry breaking may be realized in one or more steps
since the branching rule applies to any pair of N ′ < N . The consequence
is that all the additional fermions are the singlets at some higher energies.
According to the survival hypothesis [35], if a unification group G breaks
at superlarge mass scales down to SU(3)× SU(2)× U(1), then all fermions
which can have G-invariant masses will naturally have such masses (unless
some unbroken symmetry prevents it), the additional fermions in the ω for
the SU(N) in our construction will obtain their masses at superlarge scales
since a fermion as a G singlet can automatically have G-invariant mass if
no unbroken symmetry prevents it. The theory with GYM = SU(N) con-
structed in this way may be in general different from that obtained earlier
by embedding a self-contragredient IR ω0 of G0 into the fundamental vector
IR of either SO(dim(ω0)) or SP (dim(ω0)) and then into the fundamental IR
ω1 of SU(N) for N = dim(ω0).
Remark 8. We have seen again that in general, there may be more than
one possible theory with GYM = SU(N) (N large enough to have a consistent
spectrum of low energy fermions) in a fundamental IR with CP arising as a
gauge symmetry.
Our result can be easily generalized to include the cases of SU(N) in the
other basic IR’s as the possibilities for the GYM . This generalization is due
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to the branching rules for the basic IR’s of SU(N) to SO(N) as shown in
the appendix.
Let us denote an IR with the highest weight Λ as ωΛ, and denote the ωλi
corresponding to a fundamental weight λi simply as ωi (i=1,2,...,r=rank) as
in the appendix. According to the theorem A1 in the appendix, the basic IR’s
ωk and ωN−K of SU(N) reduce to the corresponding IR ωk of SO(N) when
SU(N) is restricted to SO(N), where k = 1, 2, ..., N−3
2
for N = odd, and k =
1, 2, ..., N
2
−2 for N = even ≥ 10. Furthermore, these relevant basic IR’s for
SO(N) in this case are all self-contragredient (see appendix). The SO(N) in
these IR’s could be GYM as we have seen before, then with the embedding
of the SO(N) in these basic IR’s into the corresponding basic IR’s (or their
contragredient basic IR’s), we can see that SU(N) in these basic IR’s could
also be GYM with CP as a gauge symmetry.
Now one can easily see that the basic IR’s listed above covered all the com-
plex basic IR’s of SU(N) except that ωN/2−1 and its contragredient IR ωN/2+1
when N = even. The IR ωN/2 (N = even) of SU(N) is self-contragredient
and its possibility for the GYM has been discussed in the Section 2. Ac-
cording to the theorem A2 shown in the appendix, the ωN/2−1 and ωN/2+1
(N = even) of SU(N) will both reduce to the IR ωλN/2−1+λN/2+1 = ρ1 × ρ2
with the highest weight λN/2−1+λN/2+1 of SO(N) when SU(N) is restricted
to SO(N), where the ρ1 × ρ2 denotes the Cartan composition (see appendix)
of the two fundamental spinor IR’s ρ1 and ρ2 of the SO(N) (N = even), i.e.
the highest component of the ρ1×ρ2. This IR is obviously self-contragredient
and this is true even for N = 4n+2 since mN/2−1 = mN/2+1 = 1 as indicated
also in the appendix. Therefore, by embedding this self-contragredient IR of
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SO(N) into the basic IR ωN/2−1 or ωN/2+1 of SU(N) (N = even), we can
then see that the complex basic IR’s ωN/2−1 and ωN/2+1 could also be GYM .
We have therefore reached the following conclusion.
Remark 9. SU(N) in the basic IR’s ωk with the highest weight λk (k =
1, 2, ..., N − 1) could all be the unification Yang-Mills group GYM with CP as
a gauge symmetry, where we may assume N ≥ 10 for N = even.
We note here that the fundamental IR’s are the special case of k = 1 for
SU(N). By embedding the group element S0 for the inner automorphism in
these self-contragredient IR’s of SO(N) as in eq.(26) into the corresponding
basic IR’s (or their contragredient IR’s), the inner automorphism XYM in
the SU(N) can be constructed. For the basic IR’s which are complex (k 6=
N
2
for N = even), the XYM or the CP = XLXgXYM corresponds to an
inner automorphism of order higher than two.
Remark 10. As an explicit example, by embedding the adjoint IR of
SO(32) which is a basic IR with the highest weight λ2 and of dimension
496 into the corresponding basic IR ω2 (or its contragredient IR ω30) of the
highest weight λ2 (or λ30) for SU(32), we obtain the SU(32) in the complex
basic IR ω2 (or ω30) of dimension 496 as a possibility for the unification Yang-
Mills group GYM with CP as a gauge symmetry. We note that the SO(32) in
the adjoint IR is also an interesting Yang-Mills group in superstring theory,
and is known to be a group to have a good spectrum of low energy fermions.
II. GYM = SO(4n+ 2)
We will now consider the SO(4n+ 2) in complex representations as pos-
sibilities of GYM . We have seen in eq.(24) that an IR of SO(4n+2) with the
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highest weight Λ = Σmiλi (i = 1, 2, ..., r = 2n+1) is complex ifm2n 6= m2n+1.
It is known that [36] the IR can also be characterized by the fj’s defined by
fj = mj +mj+1 + ... +m2n−1 +
1
2
(m2n +m2n+1), 1 ≤ j ≤ 2n− 1, (27)
f2n =
1
2
(m2n +m2n+1), f2n+1 =
1
2
(−m2n +m2n+1), (28)
with
f1 ≥ f2 ≥ ... ≥ f2n ≥| f2n+1 | . (29)
Since themj ’s are all non-negative integers, the fj ’s assume values simultane-
ously either as all integers or all half-integers, which are known to correspond
to tensor or spinor IR’s. We can see then that an IR of SO(4n+ 2) is com-
plex if and only if m2n +m2n+1 = odd, in particular, all the spinor IR’s of
SO(4n + 2) are complex. Complex tensor IR’s are those corresponding to
m2n 6= m2n+1 and m2n and m2n+1 being both either even or odd. In the
present paper, our specific IR’s for the SO(4n + 2) as a possibility for the
GYM with CP a gauge symmetry will be the fundamental spinor IR’s.
Our consideration is due to the following fact: The SO(4n + 1) has one
fundamental spinor IR of dimension 22n (will be denoted by ρ0 hereafter),
which is self-contragredient with Λ = λ2n corresponding to the shorter root.
The SO(4n + 2) has two fundamental spinor IR’s (will be denoted by ρ
and ρ¯) also of dimension 22n, which are contragredient to each other. They
correspond to Λ = λ2n, λ2n+1 respectively. The ρ or ρ¯ reduces to the ρ0
when the SO(4n + 2) is restricted to the SO(4n + 1), i.e. the ρ0 can be
embedded into either ρ or ρ¯ since it is self-contragredient. This fact was also
used [28] for the study of SO(N) global gauge anomalies. As we have seen
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in Section 2, SO(4n + 1) (n large enough) may be possible groups as the
GYM . Then, similar to the case of SU(N) in the fundamental IR, we may
construct the SO(4n + 1) in a fundamental IR as a possible group as the
GYM with CP being a gauge symmetry. Let the S0 be the group element
corresponding to the inner automorphism as in eq.(26) for the ρ0, then its
embedding into the ρ or ρ¯ for the SO(4n+2) automatically leads to a group
element S ∈ ρ(SO(4n+2)) (or ρ¯(SO(4n+2)). Similar to the case of SU(N)
in the fundamental IR, the inner automorphism for the SO(4n+2) with the
group element S exchange the fermions in each pair in ρ (or ρ¯) corresponding
to a fermion-antifermion pair at low energies. Let the inner automorphism
corresponding to the group element S be XYM , then the CP = XLXgXYM
is a local symmetry corresponding to the low energy CP operator.
We have seen that the SO(4n+ 2) in its fundamental spinor IR’s (com-
plex) could also be the Yang-Mills group GYM with CP arising as a gauge
symmetry. The CP operator at the Planck scale in this case is again an
inner automorphism of order higher than two for the local symmetry group.
Our conclusions for Sections 2, and 3 can now be summarized as the
following remark:
Remark 11. The unification Yang-Mills group GYM with CP arising as
a gauge symmetry may be a simple (or semisimple) group. The SU(N) (or
SU(N) ideal) may be in self-contragredient IR’s and basic IR’s, SO(4n +
2) (or SO(4n + 2) ideal) may be in self-contragredient IR’s and funda-
mental spinor IR’s, and E6 may be in self-contragredient IR’s. The self-
contragredient IR’s of SU(N), SO(4n + 2) and E6 are given by conditions
eq.(23-25). For the complex IR’s, the CP = XLXgXYM (or XYM) in general
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is an inner automorphism of order higher than two.
4 Non-semisimple Lie groups as GYM , Rele-
vance to Superstring Theory, and Cosmic
Strings
Our result in the previous sections 2,3 may be generalized to the non-semisimple
case, i.e. the GYM is a product of a semisimple Lie group and U(1)
′s. To in-
clude U(1)′s in GYM , we need to generalize the CP = XLXgXYM to include
the transformation on U(1) charges. There are following two cases.
(1). Low energy fermions do not carry charges for the U(1)′s in the
unification GYM at its scale. In this case, the XYM may be either the inner
automorphism for the simple or semisimple ideal as we discussed in previous
sections or with an additional factor Xa which reverse the sign for all the
abelian charges also. They are both consistent with the observation that the
CP at low energies transform a Weyl fermion into its antifermion since the
charges for the U(1)′s in the GYM decouple to low energy fermions.
(2). Low energy fermions also carry the charges for the U(1) ideals or some
of them in the unification GYM . In this case, we may write XYM = XsXa,
where the Xs is the inner automorphism for the simple or semisimple ideal,
i.e. the Xs here may be the same as the XYM for semisimple GYM as in
the previous sections, the Xa is the operation reversing the abelian charges
for all the U(1) ideals in the GYM or at least for those couple to the low
energy fermions at the GYM scale. For those U(1) ideals, they need to be
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all spontaneously broken at some heavy scales in order to allow CP to be a
gauge symmetry, since at low energies in this case, those U(1)′s will decouple
to the observed fermions by decoupling theorem [37]. Otherwise if charges
for those U(1)′s are observable at low energies, then similar to the case of
a simple group, a low energy Weyl fermion and its complex conjugate need
to be in the same IR of the U(1)′s at the GYM scale in order for CP to be
a local symmetry, i.e. they need to have the same charges for those U(1)′s.
This implies that low energy fermions can only have vanishing charges for
those U(1)′s and that is the case (2).
Remark 12. Therefore, in general, we have seen that there may be U(1)
ideals in the unification GYM with CP arising as a gauge symmetry. The
U(1)′s in the GYM need to be broken at high energy scales if fermions in the
low-energy spectrum couple to those U(1)′s at the GYM scale.
From the analysis above about the possible U(1) ideals in the GYM , we
can also easily see the implications as given by the following remark.
Remark 13. Since the UY (1) weak hypercharge couple to the low energy
fermions, then the UY (1) cannot be a symmetry generated as a combination
containing any U(1) from the unification GYM scale if CP arises as a gauge
symmetry, i.e. the UY (1) for the weak hypercharge can only arise as a gauge
symmetry from the semisimple ideal of the unification GYM if CP is to be
arising as a gauge symmetry. Therefore, in general the UY (1) is traceless in
each generation of quarks and leptons in the standard model, even if there
are U(1) ideals in the unification GYM . We note here that the traceless of
UY (1) has been often regarded as the vanishing of a potential mixed gauge-
gravitational anomaly (in a triangle diagram with one external hypercharge
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generator and two external gravitons) or as an indirect evidence for grand
unification with a simple or semisimple GUT group since a generator of a
semisimple Lie group must be traceless. It seems that our analysis on CP
arising as a gauge symmetry has theoretically shedded a new light on this
observation.
After the various generalizations from Lie groups in eq.(13) or a product of
them which only allow self-contragredient IR’s to non-semisimple unification
GYM including complex IR’s for the simple or semisimple ideal as well as
possible U(1) ideals with CP arising as a gauge symmetry, we will now give
some brief discussions including anomaly cancellation. As we have stated
earlier that we do not intend to discuss about anomalies in details, and
we assume that at least some of our more generalized possibilities for the
GYM would correspond to anomaly-free theories in more relax or generalized
conditions for anomaly cancellation or with deeper development of unified
model building.
First of all, since our consideration of CP arising as a gauge symmetry
needs to be in higher dimensions [9], the GYM and anomaly cancellation may
be subtle and there may be many possible theories since we can only probe
directly the physics at some low energy scales. The investigations on various
possibilities consistent with certain conditions (with CP arising as a gauge
symmetry in the present discussion) are physically meaningful. Moreover, as
initiated from the investigation in Kaluza-Klein theories, it was noted [38]
that to have a chiral fermion spectrum in four dimensions, the GYM must
be nontrivial. Different theories may have different mechanisms for realizing
the unification GYM , and therefore anomaly cancellations in general may also
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depend on the subtleties of the theories. In the following, we will provide a
brief discussion about the relevance of our generalized consideration with CP
as a gauge symmetry to the superstring theories, as well as a related result
for global (non-perturbative) gauge anomalies.
In superstring theory, it is known that SO(32) and E8×E8 for the GYM in
the adjoint IR can correspond to anomaly-free theory in ten dimensions with
Green and Schwarz mechanism [39]. It is known that [39] in the popular ten-
dimensional superstring theory, the anomaly cancellation in Green Schwarz
mechanism leads to the trace identity for Yang-Mills group of n=496 Yang-
Mills symmetries (generators) in the adjoint IR given by
TrF 6 =
1
48
TrF 2TrF 4 −
1
14400
(TrF 2)3 , (30)
where the F denotes the Yang-Mills two-forms for the field strength. For
Yang-Mills groups of n=496 generators, this trace identity is necessary and
sufficient for the factorization of the 12-forms related to the anomalies [39] so
that the anomalies can be canceled with the non-trivial transformation of the
antisymmetric tensor B field. The above trace identity is satisfied by SO(32),
and E8×E8 which leads to the heterotic string theory in ten dimensions. The
heterotic string theories with the Yang-Mills group SO(32) and E8 ×E8 are
known to be also free of global (non-perturbative) gauge anomaly due to the
fact that the relevant homotopy group Π10(SO(32)) = Π10(E8×E8) = {0} is
trivial. Since both SO(32) and E8 × E8 only allow self-contragredient IR’s,
the heterotic string theory with these two Yang-Mills groups may consistently
allow CP to arise as a gauge symmetry [9]. The ref.18-19 for local anomaly
theories have used more relaxed conditions including also the factorization
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similar to that in Green-Schwarz mechanism. However, we will not go into
details here.
Since self-contragredient IR’s are interesting in considering the possible
Yang-Mills groups with CP arising as a gauge symmetry in 8k+2 dimensions,
we would like to include in the following a result in ref.27, although we will
not discuss about the anomaly cancellation more generally. If we require
the strong anomaly-cancellation condition Tr(ω)F 4k+2 = 0 for a Yang-Mills
group in a representation ω for local (perturbative) gauge anomalies, then
any self-contragredient ω is also free of global gauge anomalies in the 8k+2
dimensions. This is due to the fact that the global gauge anomaly coefficient
with strong anomaly-cancellation condition for local gauge anomalies will be
given by
A(ω) = (−1)indD8k+2 = 1, (31)
since the Dirac index consists of odd-order traces of F, which vanishes for
a self-contragredient representation. Actually, this result is true generally
in 4k+2 dimensions although the 8k+2 dimensions are more relevant to our
consideration of CP arising as a gauge symmetry [9].
In fermionic string models with a fermionic formulation of all internal
(i.e. toroidally compactified) coordinates, the fermionized internal coordi-
nates can be treated as world sheet fermions which are specified by their
boundary conditions and by their interactions on the world sheet. It is
known that (for a review, see ref.40), many string models with different
Yang-Mills groups may be consistently constructed in D ≤ 10 dimensions.
As it is discussed in ref.40 that in the first quantized formalism, all con-
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sistent string models should be treated on an equal footing, although the
ten-dimensional E8 × E8 and SO(32) heterotic strings correspond to more
obvious constructions. Then [40] it is plausible that the string dynamics may
select a subset of the first quantized string models as locally stable states (or
second quantized vacuum states), and our universe may be sitting at a locally
stable point in string field space (not necessarily the unique ground state the
string dynamics may eventually select, since [40] the tunneling from some
locally stable state to this possible unique ground state typically may take
a time many orders of magnitude longer than the age of the universe due
to the Planck scale involved). Therefore all the consistent string models are
physically interesting from this point of view. Related to our generalized
consideration of CP arising as a gauge symmetry, we note that some con-
sistent fermionic string models can have groups of the form SO(4n + 2) or
SU(N) (e.g. SO(14), SO(10), and SU(8) in complex IR’s) as an ideal in the
Yang-Mills group [40]. For these Yang-Mills groups, even if some ideals (e.g.
E7 in SO(4)× U(8)× E7 × SO(8)× SU(2) which is an explicit example in
ref.40) only have self-contragredient IR’s which is consistent with CP as a
gauge symmetry as in ref.9, the relevant representations for the Yang-Mills
group in the model may be complex (in fact containing U(1) ideal in the
example). Therefore, our generalized construction of inner automorphism
for complex IR’s by embedding method for the CP and the inclusion of U(1)
ideals may be of interest in the investigation of consistent string models. We
note here also that we have been only using examples to clarify the possible
relevance of our generalized consideration with CP as a gauge symmetry to
string models. For some string models, our generalized construction with CP
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as a gauge symmetry will be rather involved.
Obviously, if the unification Yang-Mills group contains U(1) ideals, then
it may have effect on cosmic strings. Topologically stable strings in four
dimensions are possible whenever a simply connected internal gauge group
G breaks to a group H such that the H has disconnected components or
the manifold G/H is not simply connected. As discussed in ref.9, when the
vacuum configuration spontaneously breaks G to H which includes CP as a
discrete element, i.e. CP is an unbroken element of a spontaneously broken
continuous symmetry, then stable CP strings should exit. The discussions on
CP strings etc. in ref.9 may also apply in our generalized consideration when
the Yang-Mills group is simply connected. In particular, it may have effect
on CP violations at low energies. When the unification Yang-Mills group
contains U(1) ideals, then the CP strings may not exist when the manifold
G/H is simply connected, where note that the fundamental group Π1(G/H)
may be trivial if G is not simply connected as one can see from the relevant
exact homotopy sequence [41].
5 Conclusions
In this paper, we have generalized the consideration of possible candidates for
the unification Yang-Mills group GYM with CP arising as a gauge symmetry,
which is initially discussed in ref.9. Our generalization is significant due to
its possible role in unified model building, as well as its connection to CP
violation, especially the solution to the strong CP problem in the models
with CP spontaneously broken [10]. Our generalization with CP as a gauge
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symmetry is interesting due to the argument [12-14] that global symmetries
in effective theories below the Planck scale may be violated by quantum
gravity effects from wormholes and virtual black holes or non-perturbative
effects in string theory.
Besides the groups which only allow self-contragredient representations,
i.e. E8, E7, SO(2n+ 1), SO(4n), SP (2n), G2 or F4 (or a product of them)
for the GYM with CP as a gauge symmetry as in the discussions of ref.9, we
have found many other possible groups as the GYM in our generalized con-
sideration in this paper. As we have seen in Sections 2,3 in our generalized
consideration, the unification Yang-Mills group GYM with CP arising as a
gauge symmetry may be a rather general simple (or semisimple) group, in-
cluding also SU(N), SO(4n+2) and E6. The SU(N) (or SU(N) ideal) may
be in self-contragredient IR’s and basic IR’s (including the fundamental IR’s,
see appendix), SO(4n+2) (or SO(4n+2) ideal) may be in self-contragredient
IR’s and fundamental spinor IR’s, and E6 may be in self-contragredient IR’s.
The self-contragredient IR’s of SU(N), SO(4n+2) and E6 are given by condi-
tions eq.(23-25). We note here that many IR’s listed above are complex. For
the complex IR’s, the CP = XLXgXYM (or XYM) in general is an inner au-
tomorphism of order higher than two. We have shown that how such an inner
automorphism of order higher than two for a complex IR may be constructed
through the embedding method. Such an inner automorphism reverses the
signs of the Yang-Mills charges corresponding to low-energy gauge symme-
tries for the fermions in the low-energy spectra, and this is consistent with
the observed transformation properties of CP at low energies. To the best
knowledge of the present author, such a construction of an inner automor-
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phism of order higher than two for a physics operator has never been given
before [25].
We have also generalized our consideration to include non-semisimple
groups as the unification GYM with CP as a gauge symmetry. An interesting
finding is that with CP as a gauge symmetry, the weak hypercharge UY (1)
in the standard model needs to be generally traceless in each generation of
quarks and leptons even if the GYM is not semisimple, i.e. it has U(1) ideals.
Since all we need to reach this conclusion is that the UY (1) is a low-energy
gauge symmetry, we then know that this conclusion can be theoretically more
general, i.e. for any low-energy U(1) gauge symmetry, the generator needs
to be traceless even if the GYM with CP as a gauge symmetry contains U(1)
ideals. We have also given a brief discussion on the possible relevance to
the superstring theories and cosmic strings, as well as a result in ref.27 for
the absence of global gauge anomalies for self-contragredient representations
in 8k+2 dimensions related to the consideration of CP arising as a gauge
symmetry.
We like to indicate here that although many groups could be the uni-
fication Yang-Mills group GYM theoretically, unification Yang-Mills groups
with only unitary ideals seem more natural from the consideration that the
observed gauge theories at low energies are all of unitary groups. Our gen-
eralized consideration of including SU(N) and U(1) ideals in the unification
GYM with CP arising as a gauge symmetry could be of interest from this
point of view although we have not seen before such a support for the uni-
tary groups (besides that it can have complex representations) for unified
model building by the unitary form of the gauge groups at low energies.
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Moreover, we have also given an appendix in which we show a theorem on
the branching rules for the basic representations of SU(N) to SO(N). We
expect that our generalized consideration of unification Yang-Mills groups
and representations with CP arising as a gauge symmetry and construction
of relevant inner automorphisms by embedding may be useful in the general
study of non-abelian gauge theories as well as in the unification theory.
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Appendix: Branching Rules for the Basic Representations of
SU(N) to SO(N)
In this appendix, we will mainly show a theorem for the branching rules
for the basic representations of SU(N) to SO(N) which is used for the con-
struction of SU(N) in the basic representations (complex except that with
the highest weight Λ = λ(r+1)/2 when the rank r = N − 1 = odd) as the uni-
fication Yang-Mills group GYM with CP arising as a gauge symmetry. For a
review of Lie groups related to gauge symmetry, as well as spacetime sym-
metries which are relevant to the construction of CP operator corresponding
to a gauge symmetry, see ref.36, and 42. To clarify the result we need, it will
be useful to recall some relevant definitions [23], and we will denote an IR of
a simple Lie algebra G with the highest weight Λ as ωΛ.
Basic Representations: For a simple Lie algebra G, an IR ω is basic if and
only if its highest weight is a fundamental weight, i.e for the highest weight
Λ = Σmiλi, all the mi’s are zero except one that is 1.
Fundamental Representations: The basic IR’s of a simple Lie algebra G
corresponding to terminal points in the Dynkin diagram are fundamental
IR’s, here a terminal point is one that is connected with not more than one
point in the Dynkin diagram.
Cartan Composition: Let ωΛ and τΛ′ be two IR’s of G. Then the tensor
(Kronecker) product representation ω× τ is in general reducible. Its highest
component denoted by ω × τ is an irreducible IR with the highest weight
Λ + Λ′. The operation of tensor multiplication combined with the operation
of separating the highest component then lead to the formation of a new IR,
this composite operation is called the Cartan composition of the IR’s. The
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Cartan composition can be obviously applied to more than two IR’s. Where
one needs to distinguish the notation for the Cartan composition from that
for a self-contragredient representation (with a short bar).
k-th Alternation: Let ω be a linear representation of dimension n for a Lie
algebra, by tensor products in its representation vector space Rω of dimension
n, we can construct a linear space R{k}ω consisting of all the antisymmetric
tensors of rank k (k ≤ n). This space is then a representation space of
dimension Ckn. The space R
{k}
ω is called the k-th alternation of the Rω, and the
corresponding representation denoted by ω{k} is called the k-th alternation of
ω. The highest component denoted by ω{k} for the k-th alternation of ω has
the highest weight Λ1 + Λ2 + ... + Λk, where Λ1,Λ2, ...,Λk are the k highest
weight of ω, and the case of k=1 means the ω itself.
k-th Symmetrization: Similar to the alternation above, we can also con-
struct of symmetric tensor space R[k]ω or R
<k>
ω (k > 0) of dimension C
k
n+k,
which is called the k-th symmetrization of the linear space Rω, and it is also
a representation space of the Lie algebra. The corresponding representation
denoted by ω[k] is call the k-th symmetrization of ω. The highest compo-
nent of it will be denoted by ω[k], obviously it has the highest weight kΛ
with Λ being the highest weight of ω. Note that the Cartan composition
ω(1)× ω(2)× ...× ω(k) with ω(1), ω(2), ..., ω(k) all equivalent to ω has the
highest weight kΛ, therefore, the ω[k] can be regarded as the result of a
repeated Cartan composition of ω with itself.
It is known that [23] for a simple Lie algebra, the operation ω{k} and the
Cartan composition enable us to construct arbitrary IR’s from fundamental
representations. In particular, an arbitrary basic IR of a simple Lie algebra
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can be obtained as ω{k} from some fundamental representation for some
integer k > 0. The fundamental IR’s are special cases of basic IR’s (k=1).
In the present paper, the branching rules needed are for classical and
simple groups, which we will focus on hereafter. In the following discussions,
we will denote the basic IR’s ωλi simply as ωi (i = 1, 2, ..., r = rank) for
convenience. The basic IR’s in terms of the fundamental IR’s are given as
follows.
An = SU(n + 1):
Fundamental IR’s: ω1, ωn (which are self-contragredient to each other).
It is known that for every k=1,2,...,n, ω1
{k} and ωn
{k} are irreducible, so
that
ω1{k} = ω1
{k}, (32)
ωn{k} = ωn
{k}. (33)
In terms of the fundamental IR’s, the basic IR’s are given by the alternations
as
ωk = ω1
{k} = ωn
{n+1−k}, k = 1, 2, ..., n. (34)
Cn = SP (2n):
Fundamental IR’s: ω1, ωn
The basic IR’s can all be obtained as the alternations of the fundamental
IR, i.e.
ωk = ω1{k} (k = 1, 2, ..., n), (35)
where note that n-th simple root has longer length in the Dynkin diagram.
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Bn = SO(2n+ 1):
Fundamental vector IR: ω1
Fundamental spinor IR: ωn = ρ0
The other basic IR’s: ω
{k}
1 (k=1,2,..,n-1),
it can be shown that the ω
{k}
1 are irreducible for k=1,2,..,n, therefore, those
basic IR’s can also be written as
ωk = ω
{k}
1 = ω
{k}
1 (k = 1, 2, .., n− 1). (36)
The relations to the fundamental spinor IR are given by
ρ<2>0 = ω
{n}
1 , ρ
{2}
0 = ω
{n−1}
1 = ωn−1. (37)
Dn = SO(2n) (n ≥ 5):
Fundamental vector IR: ω1
Fundamental spinor IR’s: ωn−1 = ρ1, ωn = ρ2
The other basic IR’s: ω
{k}
1 (k=1,2,..,n-2),
the ω
{k}
1 are irreducible for k=1,2,..,n-1, therefore, those basic IR’s can also
be written as
ωk = ω
{k}
1 = ω
{k}
1 (k = 1, 2, .., n− 2). (38)
The relations to the fundamental spinor IR’s are given by
ρ1 × ρ2 = ω
{n−1}
1 , ρ
<2>
1 ⊕ ρ
<2>
2 = ω
{n}
1 , ρ
{2}
1 ≃ ρ
{2}
2 ≃ ω
{n−2}
1 . (39)
Now we can show the branching rules we need for the SU(N) to SO(N)
in basic IR’s. SU(N) contains SO(N) as a subgroup. An IR of SU(N) in
general will reduce to a direct sum of IR’s of SO(N) when the SU(N) is
restricted to the SO(N) subgroup.
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Let us note first that for the linear space consisting of all the antisym-
metric tensors of rank k constructed from the vector space of dimension n,
its dimension is Ckn. From this, we can see then that the dimensions for the
basic IR’s for SU(N) are given by
d(ωk) = C
k
N =
N !
k!(N − k)!
(k = 1, 2, ..., N − 1). (40)
For SO(N), the basic IR’s other than the fundamental spinor IR(s) have the
dimensions given similarly by
d(ωk) = C
k
N , (41)
here
(k = 1, 2, ...,
N − 3
2
for N = odd), (k = 1, 2, ...,
N
2
− 2 for N = even ≥ 10).
(42)
We note here that these basic IR’s for the SO(N) are all self-contragredient
(mN/2 = mN/2−1 = 0 for N = even), and then there is no other inequivalent
IR’s with the same dimensions. Comparing the dimensions of the basic IR’s
for the SU(N) and SO(N), we can then see the branching rules we need.
Therefore, we have shown the following theorem.
Theorem A1.The basic IR’s ωk and ωN−k with the highest weight Λ =
λk, and λN−k for SU(N) reduce to the corresponding basic IR ωk with the
highest weight λk for SO(N) when SU(N) is restricted to SO(N), where
k = 1, 2, ..., N−3
2
for N = odd, and k = 1, 2, ..., N
2
− 2 for N = even ≥ 10.
Remark A1. We note that the relevant basic IR’s for SU(N) in the the-
orem A1 above are all complex. Since the relevant basic IR’s for the SO(N)
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are all self-contragredient, the branching rules then also apply to the contra-
gredient IR’s of ωk for the SU(N). Here, the contragredient of ωk for SU(N)
is equivalent to ωN−k.
We can also see easily that for N = even ≥ 10, the ω
{N/2−1}
1 for both
SU(N) and SO(N) have the dimension C
N/2−1
N , and it is an IR for both of
them, therefore, we have also shown the following theorem.
Theorem A2. The basic IR ωN/2−1 = ω
{N/2−1}
1 and its contragredient IR
ωN/2+1 (N ≥ 10) with the highest weights Λ = λN/2−1 and λN/2+1 of SU(N)
reduce to the IR ω
{N/2−1}
1 = ρ1 × ρ2 with the highest weight Λ = λN/2−1+λN/2
when SU(N) is restricted to SO(N).
Remark A2. In the theorem A2, the IR ω
{N/2−1}
1 = ρ1 × ρ2 for SO(N) is
not a basic IR. Since mN/2−1 = mN/2 = 1, it is a self-contragredient IR even
if N = 4n + 2, but for the SU(N), the contragredient of ωN/2−1 = ω
{N/2−1}
1
is ωN/2+1, it then corresponds to a complex basic IR.
Remark A3. Our theorems A1 and A2 for the branching rules for SU(N)
to SO(N) covered all the complex basic IR’s of SU(N). The only case which
is not included in the theorems is the basic IR ωN/2 when N = even, this
IR is self-contragredient. In this case, the ω
{N/2}
1 (N = even) for SO(N) is
not irreducible, the branching rule may be more non-trivial. However, we
are mainly interested in the branching rules for the complex IR’s of SU(N)
to SO(N) for our discussions in section 3, the self-contragredient IR’s are
discussed in section 2.
Therefore, we have seen that for every complex basic IR ωk of SU(N),
there is a self-contragredient IR ω′k of SO(N) such that the ωk reduces to the
ω′k when SU(N) is restricted to SO(N). The ω
′
k is the corresponding basic
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IR for SO(N) except when k = N/2− 1 or K = N/2 + 1 for N = even.
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